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ABSTRACT 
When t h e  f l u x  d i s t r i b u t i o n  o f  a magnet ic  
c i r c u i t  is  ana lyzed  by us ing  the conven t iona l  
f i n i t e   e l e m e n t   m e t h o d ,  t h e  magnet iz ing  
c u r r e n t s  m u s t  be   g iven .   Therefore ,   i f   the  
f l u x   d i s t r i b u t i o n  is  s p e c i f i e d ,  i t  i s  
d i f f i c u l t   t o   o b t a i n  t h e  d i s t r i b u t i o n s   o f
magnetomot ive   forces   o r   c nf igura t ion   of  
m a g n e t s   p r o d u c i n g   t h e   s p e c i f i e d   f i e l d  
d i s t r i b u t i o n  by t h e   c o n v e n t i o n a l   f i n i t e  
element method. 
New methods w h i c h  a r e  c a l l e d  the " f i n i t e  
e lement   method  taking  account  of 
e x t e r n a l  power sou rce"  and t h e   " f i n i t e  
element method w i t h  shape   modi f ica t ion"   have  
been   deve loped .   The   processes   o f   ca lcu la t ion  
i n   t h e s e   m e t h o d s   a r ec o n t r a r y   t o   t h e
convent iona l   t echnique .   These  new methods 
have  the  fo l lowing  advan tages :  
( a )   I f   t h e r e   a r e  many unknown independent  
m a g n e t i z i n g   c u r r e n t s ,   t h e s e   c u r r e n t s   a r e  
d i r e c t l y  c a l c u l a t e d  by t h e  new method. 
( b )  When a f l u x   d i s t r i b u t i o n  is  s p e c i f i e d ,  
t h e  optimum shapes  of   the   magnets   can  be 
d i r e c t l y  c a l c u l a t e d .  
( c )  A s  these new methods  need no r e p e t i t i o n ,  
computing t ime can be considerably reduced.  
The p r i n c i p l e s   a n d  the f i n i t e   l e m e n t  
f o r m u l a t i o n s   f   h e s e  new methods   a re  
descr ibed ,   and  a   few  examples   of   appl icat ion 
of  these  methods  a re  shown. 
These new methods make i t  p o s s i b l e   t o  
d e s i g n  t h e  optimum m a g n e t i c  c i r c u i t s  by us ing  
t h e  f in i t e  e l emen t  me thod .  
1. INTRODUCTION 
M a g n e t i c   f i e l d s  of  power appara tus   and  
e l ec t ron ic   i n s t rumen t s   shou ld   beana lyzed  
u n d e r   t h   s p e c i f i e d   t e r m i n a l   v o l t a g e s ,  
because   t hese   a r e   u sua l ly   exc i t ed  by 
c o n s t a n t   v o l t a g e  power sources.   Sometimes 
t h e  f l u x  d i s t r i b u t i o n s  i n  some p a r t s   o f
a p p a r a t u s   a r e   s p c i f i e d ,   a n d t h e  most 
s u i t a b l e  c o n f i g u r a t i o n s  a n d  s i z e s  of t h e s e  
p a r t s  h a v e  t o  be  des igned .  We ca l l  such vrob-  
l ems   " inve r se   p rob lems . " In   o rde r   t o   u se   t he  
f i n i t e  e l e m e n t  method i n  t h e  p r a c t i c a l  d e s i g n  
of a m a g n e t i c   c i r c u i t ,  new ana lyz ing   ne thods  
fo r   t hese   i nv r se   p ob lems   shou ld   be  
developed. 
I f  t h e  t e r m i n a l   v o l t a g e s   a r e   s p e c i f i e d  
and t h e  c o r r e s p o n d i n g   m a g n e t i z i n g   c u r r e n t s  
a r e  unknown, many i t e r a t i v e   m o d i f i c a t i o n s   o f  
a s sumed   magne t i z ing   cu r ren t s   a r e   necessa ry  
f o r   t h e   u s u a l   f i n i t e   e l e m e n  
a n a l y s i s .   E s p e c i a l l y ,   i ft h e r e   a r e  multiple 
unknown m a g n e t i z i n g   c u r r e n t s   a 5   i n   t h e   c a s e  
of   th ree-phase   t ransformers ,  .the a n a l y s i s  is  
a l m o s t  i m p o s s i b l e ,  b e c a u s e  t h e r e  a r e  i n f i n i t e  
combinat ions  of   unknownimagnet iz ing  currents  
t o  be (assumed [ l]  . 
Moreover, i n   t h e  usual f i n i t e   e l e m e n t  
a n a l y s i s ,  t h e  s i z e s  o f  m a g n e t i c  m a t e r i a l s  a r e  
f ixed .   The re fo re ,  when the s i z e s  of  magnetic 
m a t e r i a l s   s a t i s f y i n g  a s p e c i f i e d   f i e l d  
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The  authors  are  with  the  Department of 
d i s t r i b u t i o n   a r e  required, many i t e r a t i v e  
mod i f i ca t ions   f   a s sumed   f in i t e  element 
s u b d i v i s i o n  a r e  n e c e s s a r y .  
Two  ne  methods  whose  processes  of 
c a l c u l a t i o n   a r e   c o n t r a r y   t o   t h e   c o n v e n t i o n a l  
ones   have   been   deve loped ,   and   as   these  new 
nethods  need no r e p e t i t i o n ,   c o m p u t i n g   t i m e  
can  be  considerably  reduced.  As a  few 
examples   o fthe   app l i ca t ion ,  t h e  magnet ic  
c h a r a c t e r i s t i c s   o f  a capaci tor   motor   and t h e  
sizes of permanent magnets are computed. 
2 .  CLASSES OF INVERSE PROBLEMS 
The  inve r se  p rob lems  can  be  d iv ided  in to  
t h e  f o l l o w i n q  t h r e e  c l a s s e s :  
(1) C l a s s  A: t h e  c o n f i g u r a t i o n s  a n d  t h e  s izes  
of  magnetic m a t e r i a l s   a r e   f i x e d ,  and t h e  
magnet iz ing  cu r ren t s   wh ich   p roduce   t he  
s p e c i f i e d  t e r m i n a l  v o l t a g e s  a r e  unknown. 
T h i s  c l a s s  o f  p rob lem co r re sponds  to  the  
c a l c u l a t i o n   o f t h e  c h a r a c t e r i s t i c s   o f
e l e c t r i c a l   m a c h i n e r y   e x c i t e d  by c o n s t a n t  
v o l t a g e  power sou rces .  
t h e   c l a s s  A problem i s  c a l l e d   t h e   " f i n i t e  
e lement   me hod  tak ing   in to   account   o f  
e x t e r n a l  Dower sou rce"  121.  
The newly developed analysis  method for  
( 2 )  Clas; B: t h e   m a g n e t i z a t i o n s   a r e   f i x e d ,  
and t h e  s izes   o f   magnets   which   produce  t h e  
s p e c i f i e d  f l u x  d i s t r i b u t i o n  a r e  unknown. 
The  c a l c u l a t i o n   o f  t h e  s i z e s   o f  t h e  
magnet which  g i v e s  t h e  s p e c i f i e d   f l u x  
d i s t r i b u t i o n  i s  i m p o r t a n t   f o r  a d e s i g n e r  of 
magne t i c   i r cu i t s .   Because   t he   magne t i za t ion  
of  a magnet i s  au tomat i ca l ly   de t e rmined  by 
t h e  qua l i ty   o f   the   magnet   used   and   the   s izes  
of it. There fo re ,   t he   de t e rmina t ion   o f  t he  
magne t i za t ion  is  no t  so  impor tan t .  
t h e   c l a s s  B problem i s  c a l l e d   t h e   " f i n i t e  
element method w i t h  shape  mod i f i ca t ion" .  
( 3 )  C l a s s  C:  t h e   s a p e   o f   e l e c t r i c a l  
machinery   for   which   the  maximum v a l u e  of t h e  
e l e c t r i c   f i e l d   s t r e n g t h   o r   t h e   i r o n  l o s s  
becomes  a minimum is  unknown. 
F igu re  1 shows t h e   t r a n s f o r m e r  
windings. . T h e  conf igu ra t ion   and   s i ze   o f   t he  
winding  should  be  designed so  t h a t   t h e  
maximum v a l u e  of t h e   e l e c t r i c   f i e l d   s t r e n g t h  
becomes  a minimum under t h e  c o n d i t i o n   t h a t  
t h e  t o t a l  c r o s s - s e c t i o n a l  a r e a  of t h e  winding 
e spond  to  
l e c t r i c a l  
The  newly developed analysis  method for  
is  c o n s t a n t .  Class C problems  corr  
t h e  optimum design of  the shape of  e 
machinery as  ment ioned above.  
I n  t h i s  paper ,  new methods  for  
t h e  C l a s s  A and B problems are  expla  
winding .  
s o l v i n g  
.i ned. 
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3. FINITE ELEMENT METHOD TAKING INTO 
ACCOUNT OF EXTERNAL POWER SOURCE 
O u t l i n e  of Method 
Two-dimens iona l   magnet ic   f ie lds   wi th  
some c o n d u c t o r s   a n d   m a g n e t i c   m a t e r i a l s   a r e  
ana lyzed  by t h e  f o l l o w i n g  e q u a t i o n :  
2 x ( " y u )  3 + + ( L ! X ~ )  = - J, + J, 
arc oy 2y (1) 
Where A,  J o  and Je a r e  t h e  v e c t o r  p o t e n t i a l ,  
t he   magne t i z ing   cu r ren t   dens i ty   and   t he   eddy  
c u r r e n t   d e n s i t y   r e s p e c t i v e l y .  vx and VY 
d e n o t e   t h e  x- and y-  components  of 
r e l u c t i v i t y  r e s p e c t i v e l y .  
The  Rayleigh-Ritz  matrix e q u a t i o n   f o r  
(1) i s  denoted as  f o l l o w s :  
where [HI is t h e   s o - c a l l e d   c o e f f i c i e n t  matr ix  
and  [C] i s  t h e  c o n s t a n t  m a t r i x  r e l a t e d  t o  t h e '  
c u r r e n t s '  ,{Io} [ l ] .  { G }  i s  t h e  column matr ix  
which i s  a f u n c t i o n   o ft h e  known v e c t o r  
p o t e n t i a l s   o n   t h e   D i r i c h l e t   b o u n d a r y .  k is  
t h e  number of unknown m a g n e t i z i n g   c u r r e n t s  
and nu i s  t h e  number of  nodes  whose 
p o t e n t i a l s  a r e  unknown. 
I n   t h e   c o v e n t i o n a l   f i n i t e   e l e m e n t  
a n a l y s i s ,   t h e   v e c t o r   p o t e n t i a l s  {A} a r e  
computed by s o l v i n g  ( 2 )  i n  which  the 
m a g n e t i z i n g   c u r r e n t s  {Io) a re  assumed.  The 
t e r m i n a l   v o l t a g e  V is c a l c u l a t e d   f r o m   t h e  
o b t a i n e d   v e c t o r   p o t e n t i a l s .   I n   o r d e r   t o  
o b t a i n   t h e   m a g n e t i z i n g   c u r r e n t s   s a t i s f y i n g  
t h e   s p e c i f i e d   t e r m i n a l   v o l t a g e  Vo, a number 
o f   r e p e t i t i o n s  a r e  n e c e s s a r y   u n t i l   t h e
d e s i r e d  resu l t s  a r e  o b t a i n e d  by modifying 
{I,,} a s  shown by t h e  t h i c k  l i n e s  i n  F i g . Z ( a ) .  
Equat ion ( 2 )  d e n o t e s   t h e   r e l a t i o n  among 
t h e  v e c t o r   p o t e n t i a l s  {A}, t h e   m a g n e t i z i n g  
c u r r e n t s  {IO] and   t he   co -o rd ina te s  x and 
r e w r i t t e n   i n   t h e  y. T h i s   r e l a t i o n   c a n  he 
C E )  
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(a) c o n v e n t i o n a l  (b) new method 
Fig. 2 P r o c e s s e s  of calculation. 
method 
fo l lowing   genera l   form:  
f i ( r c , y , ~ ~ l , ! ~ ~ I )  = o ( i = 1, ..... ,?z ) ( 3 )  
I f  t h e  number n of e q u a t i o n s  i n  ( 3 )  i s  l a r g e r  
t han   u ,   no t   on ly  {A] b u t  a l s o  {IO} can  be 
t r e a t e d  as t h e  unknown v a r i a b l e .  A new 
method  which is c a l l e d   t h e   " f i n i t e   l e m e n t  
m e t h o d   t a k i n g   i n t o   a c c o u n t   o f   e x t e r n a l  power 
sou rce"  is developed from the above-mentioned 
i d e a .   T h e   p r o c e s s   o f   c a l c u l a t i o n   o f   t h i s  new 
method i s  o p p o s i t e   t o   t h e   c o n v e n t i o n a l  
t echn ique ,   and   t he   magne t i z ing   cu r ren t s   can  
b e   d i r c t l y   o b t a i n e d  a s  shown . i n  
F ig .Z(b ) .   Th i s   me thod   has   t he   fo l lowing  
advantages:  
( a )  I t  i s  p o s s i b l e  t o  o b t a i n  d i r e c t l y  unknown 
magne t i z ing  cu r ren t s .  
( b )  As t h i s  method  oes   not   need  repeated 
t r i a l  and   e r ror ,   comput ing  time can   be  
cons iderably   reduced .  
F i n i t e  Element Formulation 
(1) Ray le igh -Ri t z   ma t r ix   equa t ion  
A s  t h e   t r m  {Io) is  unknown, {Io) is  
t r a n s p o s e d   t o t h e   l e f t - h a n d   s i d eo f
( 2 ) .  Then t h e   f o l l o w i n g   e q u a t i o n  i s  
ob ta ined .  
(4) 
A s  t h e  number o f   t h e   q u a t i o n s  i s  n u ,  
a n d   t h e  number o f   t h e  unknown v a r i a b l e s  i s  
(nu+k) , ( 4 )  c anno t   be   so lved .   The re fo re ,   t he  
f o l l o w i n g  new r e l a t i o n s h i p s   b e t w e e n   t h e
v e c t o r   p o t e n t i a l s ,   t h e   c u r r e n t s   a n d   t h e  
t e r m i n a l  v o l t a g e s  a r e  i n t r o d u c e d .  
( 2 )  R e l a t i o n s h i p s   b e t w e e n   v e c t o r   p o t e n t i a l s ,  
c u r r e n t s  a n d  t e r m i n a l  v o l t a g e s  
The  windings i n   t h e  f i n i t e  element 
r e g i o n   a r e   u s u a l l y   c o n n e c t e d   t o   t h e   e x t e r n a l  
power Sources   and   t he  ex te rna l  loads  such as  
r e s i s t a n c e ,   i d u c t a n c e   d   c p a c i t a n c e .  
F igu re  3 shows one pole  pi tch of t h e  s t a t o r  
Of a n   i n d u c t i o n  motor. The f i n i t e  element  
region  which is  enc losed  by b r o k e n   l i n e   i n  
F ig .4   cor responds  t o  the   w ind ing  shown i n  
F ig .3   excep t   t he   nd   co i l s .  Vo, Ro and Lo 
i n  F i q . 4   a r e   t h e   t r m i n a l   v o l t a g e  of t h e  
e x t e r n a l  power s o u r c e ,   t h e   r e s i s t a n c e   a n d  the 
Fig. 3 S k e l e t o n  diagram, 
327 
The e l emen t s  of t h e  m a t r i x  [F] are  c o n s t a n t s ,  
and {Val is  t h e  co lumn  mat r ix   cor responding  
t o  t h e  s p e c i f i e d  t e r m i n a l  v o l t a g e s .  
(3 )  Ma t r ix  equa t ion  fo r  i nve r se  p rob lem 
If  ( 4 )  is combined w i t h  (71, t h e  number 
of unknown v a r i a b l e s  becomes e q u a l   t o  t h e  
number of   equa t ions .   Therefore ,   the  unknown 
v e c t o r   p o t e n t i a l s   a n d   t h e   m g n e t i z i n g  
c u r r e n t s   c a n   b e   d i r e c t l y   c a l c u l a t e d  by t h e  
fo l lowing   equat ion   ob ta ined   f rom ( 4 )  and (7).. 
, I - - - - - - - - *  1 FINITE 
WINDING 
F ig .  4 E q u i v a l e n t   c i r c u i t .  
l eakage   . i nduc tance  of t h e   e n d   c o i l s .  LO 
c o r r e s p o n d s   t o  Ole i n   F i g . 3 .  RC i s  t h e  
r e s i s t a n c e  Of t h e  w i n d i n g   i nt h e  f i n i t e  
e lement   region.  The f o l l o w i n g   e q u a t i o n   c a n  
be  obta ined  f rom Rirchhoff ' s  second law:  
j ~ d S + ( R , + R O ) I O +  a t  L o % = v o  ( 5 )  
CFEM 
where CFEM is  t h e   c o n t o u r   a l o n g  t h e  winding 
i n   t h e   f i n i t e   l e m e n t   r e g i o n ,  S is  an u n i t  
t a n g e n t  v e c t o r .  
L e t  u s  c a l c u l a t e  t h e  f i r s t  term  of   the 
l e f t - h a n d   s i d e   o f  (5)  i n   d e t a i l .  The  number 
of c o n d u c t o r s   i n  a s l o t  i n  Fig.3 i s  np,  and 
t h e y  a r e  c o n n e c t e d  s e r i e s  w i t h  t h e  c o n d u c t o r s  
i n   a n o t h e r   s l o t .   I f   h e   s e c t i o n a l - a r e a  of 
each  conductor  is  small enough,   the   vec tor  
po ten t i a l   o f   each   conduc to r  i s  assumed t o  be 
c o n s t a n t  a t  e v e r y   p o i n t   i n   t h e
conductor .  Then t h e   f o l l o w i n g   e q u a t i o n   c a n  
be  obta ined:  
Where e. is  t h e   t h i c k n e s s  of t h e  l amina ted  
c o r e  shown i n  F i g . 3 ,  a n d  t h e  s u b s c r i p t s  a ,  b, 
C, d  of v e c t o r   p o t e n t i a l s   d e n o t e   t h e '   s l o t  
number.  For  example, A c i  d e n o t e s   t h e   v e c t o r  
p o t e n t i a l  of No.i  conductor i n  No.c s l o t .  
Though t h e r e  i s  o n l y  o n e  r e l a t i o n s h i p  of 
( 5 )  f o r   t h e   c a s e  of  Fig.4, two r e l a t i o n s h i p s  
similar t o  ( 5 )  a r e   o b t a i n e d   i n   t h e   c a s e  of 
Capaci tor   motor  shown in  F ig .5 ,  because  the re  
M A I N  W I N D I N G  
A U X I L I A R Y  * vo W I N D I N G  
I -L. I 7 - C A P A C I T O R  
F i g .  5 Connection  diagram O f  
c a p a c i t o r  m o t o r .  
a r e  two e l e c t r i c   i r c u i t s .  I n  g e n e r a l ,  t h e  
number k of t h e  s p e c i f i e d   v o l t a g e s  
voi ,... . ,Vok . i s  e q u a l   t o  t h a t  of t h e  
i ndependen t   cu r ren t s .   The re fo re ,  if t h e r e  
e x i s t  k i n d e p e n d e n t   c u r r e n t s ,  k r e l a t i o n s h i p s  





Although  the   mat r ix  of ( 8 )  is nonsymmetrical ,  
it i s  e a s i l y   s o l v a b l e  by t r e a t i n g  it las a 
banded m a t r i i w i t h  e d g e s .  
4 .  FINITE ELEMENT METHOD 
WITH SHAPE MODIFICATION 
Ou t l ine  o f  Method 
I f   t h e   c l a s s  B problem is  s o l v e d  by 
us ing  the  conven t iona l  f i n i t e  e l emen t  me thod ,  
t h e  p rocess   o f   ca l cu la t ion   shou ld   be a s  
F i g . 6 ( a ) .  The v e c t o r   p o e n t i a l s   a r e  
c a l c u l a t e d   u s i n g  a t e m p o r a r y   s u b d i v i s i o n   i n  
which t h e  s i z e s   o f   m a g n e t s   a r e   a d e q u a t e l y  
a s s u m e d .   I n   o r d e r   t o   o b t a i n   t h e   s i z e s  of 
magnets   producing t h e  s p e c i f i e d   f l u x   d e n s i t y  
{BO}, a number o f   r e p e t i t i o n s   a r e   n e c e s s a r y  
u n t i l  t h e  d e s i r e d   r e s u l t s   c a n   b e   o b t a i n e d  by 
modifying t h e  s u b d i v i s i o n  as  shown  by t h e  
t h i c k  l i n e s  i n  F i g . G ( a ) .  
By us ing  t h e  newly   deve loped   " f in i t e  
e lement   method  with  shape  modif icat ion",   the  
(ST;\RT) 
SIZES O F  
1 P O T E N T I A L S )  1 ( A 1  (VECTOR 
I [ B I ( F L U X  D E N S I T I E S )  I 
M O D L F I C A T I O N  
O F  S U B D I V I S I O N  
FLUX DEXSITIES) I 
( a )   c o n v e n t i o n a l  (b) new method 
method 
F ig .  6 P r o c e s s e s   o f ' c a l c u l a t i o n .  
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modi f ied  
o b t a i n e d  
Fig.6  (b) . 
magnets 
e q u a t i o n :  
EL}= 
v a l u e  (D} o f   s i z e s  is  d i r e c t l y   i m p o r t a n t .  
a s  denoted  by t h e  s o l i d  l i n e s  i n  F i g u r e   7 ( b )  i s  t h e   s u b d i v i s i o n  
The d e s i r e d   s i z e  {L} of t h e  c o r r e s p o n d i n g   t o Fig.7(a) .   The  newly
i s  c a l c u l a t e d  by t h e   f o l l o w i n g  developed  so-ca l led  "shape modifying element"  
i s  denoted  by t h e   t h i c k   l i n e   i n   F i g , 7 ( b ) .  I t  
I L ~ I + I D }  ( 9 )  c o r r e s p o n d s   t o   t h e   h a t c h e d  area i n  F ig .7 (a ) .   I f   t he   shape   mod i fy ins   e l emen t   has  
When t h e   v a l u e  {P} i s  v e r y   l a r g e ,   t h e  r e s u l t  
o b t a i n e d   w i t h o u t   a n y   r e p e t i t i o n  i s  n o t  
s a t i s f a c t o r y   b e c a u s e   o f   t h e   e r r o r   d u e  t o  t h e  
shape   modi fy ing   e lement .   In  such  a case, a 
few r e p e t i t i o n s  a r e  n e c e s s a r y   u n t i l   h e  
d e s i r e d   r e s u l t   c a n   b e   o b t a i n e d  by modifying 
t h e  s u b d i v i s i o n  by {D} a s  shown  by t h e  b r o k e n  
l i n e s   i n   F i g . 6 ( b ) .  The number o f   r e p e t i t i o n s  
is  much less t h a n  i n  t h e  case o f   t h e  
convent ional  method.  
Shape Modifying Element 
When t h e   s i z e s   o f   m a g n e t s  a r e  unknown 
v a r i a b l e s ,  ( 3 )  becomes a non- l inear  
equat ion .  If t h e   e q u a t i o n  is  a l i n e a r  
f u n c t i o n  o f  t h e  c o - o r d i n a t e s  x and  y ,   (3)   can 
b e   s o l v e d   e a s i l y .  From t h i s   p o i n t   o f   v i e w ,  a 
new element  which is c a l l e d  a "shape 
modifying  e lement"  i s  conceived.  The new 
element  i s  exp la ined  by an  example shown i n  






( a )  model ( b )  f i n i t e   e l e m e n t  
F i g .  7 Shape  modifying  e lement  
t h e  magnet iza t ion   of   the   magnet  a r e  g iven .  
Lo and L of t h e   m a g n e t   a r e   t h e   e s t i m a t e d   a n d  
t h e  m o d i f i e d   l e n g t h s  . T h e r e f o r e ,   l e n g t h  D 
is unknown. As t h e  number  of t h e   s p e c i f i e d  
f l u x   d e n s i t i e s  {BO: s h o u l d   b e   q u a l   t o   t h e  
number of t h e  unknown v a r i a b l e s  ID}, o n l y  t h e  
y-  component  Boyp  of t h e   f l u x   d e n s i t y  a t  a 
p o i n t  P i s  s p e c i f i e d   f o r   t h i s  e x a m p l e ,  
because there i s  only one magnet i n  F ig .  7 .  
s u b d i v i s i o n  
I f   t h e  l n g t h  D is  s m a l l ,  t h e  f l u x  
d i s t r i b u t i o n   i n   t h e   h a t c h e d   p a r t  i s  a lmost  
u n i f o r m   i n   t h e  y- d i r e c t i o n .  Then the 
fo l lowing   equa t ions   can   be   a s sumed  among t h e  
v e c t o r  p o t e n t i a l s  AI , . . . , AI, a t  t h e  n o d e s  1, ..., 4 i n   F i g .   7 ( a )   [ 3 ] .  
A1 = A3 , A;! = A* (10) 
As t h e  aim of t h i s  a n a l y s i s  i s  t o  o b t a i n  t h e  
s i z e  of t h e  magnet  producing t h e  s p e c i f i e d  
f l u x   d e n s i t y ,   h e   a c c u r a c y   o f   t h ef l u x  
d i s t r i b u t i o n   n e a r   t h e   h a t c h e d  area i s  n o t  SO 
t h e  same energy as  t h e   h a t c h e d  area i n   F i g .  
7 ( a ) ,   t h e   n o d e s  3 and 4 may be  superposed  on 
t h e  n o d e s  1 and 2 as  shown i n  F i g  7 ( b )  . 
The energy  X(e) of   the   shape   modi fy ing  
element e i s  c a l c u l a t e d  by t h e   f o l l o w i n g  
e q u a t i o n .  
X(e) = - /Lee) ( !,^  J m d A  )dxdy 
(11) 
Where S(e)  i s  t h e  area of the   e lement   and  J~ 
is  t h e   q u i v a l e n t   m a g n e t i c   u r r e n t   d e n s i t y  
[4,51. 
A s  the   shape   modi fy ing   e lement   has   no  
a r e a ,  i t  i s  e a s y   t o  s e t  i t  on a n   a r b i t r a r y  
p o s i t i o n   f   t h es u b d i v i s i o n   w i t h o u t   a n y  
re -subdiv is ion .  
F in i te  Element  Formula t ion  
(1) Ray le igh -Ri t z   ma t r ix   equa t ion  
From ( l o ) ,  (11) is r e w r i t t e n  a s  f o l l o w s :  
X(e) = - Dj(1, J n a A ) d x  (12) 
F o r   s i m p l i c i t y ,  l e t  u s  assume t h a t   t h e  
m a g n e t i z a t i o n   h a s   o n l y   t h e  y- component 
My. Then t h e   f o l l o w i n g   e q u a t i o n   c a n  be 
obta ined   f rom ( 1 2 ) .  
A 
- -  a xce) _ -  
2 A i  va DMy (13) 
Where A i  i s  t h e  v e c t o r  p o t e n t i a l  of  a node i. 
I f  D i n   ( 1 3 )  i s  t r e a t e d  a s  a n  unknown 
v a r i a b l e ,   t h e   m a t r i x   e q u a t i o n  l i k e  ( 4 )  i s  
o b t a i n e d  a s  f o l l o w s :  
(14) 
Where [ C * ]  i s  t h e   c o e f f i c i e n t   m a t r i x  of 
{p}. Though t h e r e  i s  only  one  magnet i n  F i g .  
7 ,  u s u a l l y   t h e r e  a r e  many magnets.  The 
l e n g t h s  DI , .. . , Dr o f  t he i r  shape  mod i fy ing  
e lemqnts  a r e  denoted  by a column  matr ix  
( D } .  Where r is  t h e  number of   the   magnets .  
I n  o r d e r  t o  s o l v e  ( l $ ) , t h e  f o l l o w i n g  new 
r e l a t i o n s h i p s   b e t w e e n   t h e   v e c t o r   p o t e n t i a l s  
a n d  t h e  f l u x  d e n s i t i e s  a r e  i n t r o d u c e d  i n  t h e  
same way a s  i n  c h a p t e r  3 .  
( 2 )  R e l a t i o n s h i p s  b e t w e e n  v e c t o r  p o t e n t i a l s  
a n d  f l u x  d e n s i t i e s  
F i g u r e  8 shows a n  f i r s t - o r d e r  t r i a n g u l a r  
e lement  e. The  x- and y: components Boxp 
and Boyp of t h e  f l u x  d e n s l t y  a t  a p o i n t  P i n  
t h e  e l e m e n t  a re  s p e c i f i e d .  
T h e  f o l l o w i n g   r e l a t i o n s h i p s   e x i s t
b e t w e e n   t h e   v e c t o r   p o t e n t i a l s   a n d   t h e   f l u x  




Fig.  8 An e lement  whose f l u x  
d e n s i t y  i s  s p e c i f i e d .  
Where Cje ,  dje and A a r e   c o n s t a n t s .  Then the  
f o l l o w i n g   m a t r i x   e q u a t i o n   c o r r e s p o n d i n g   t o  
( 7 )  is ob ta ined .  
Where [F*] is  t h e   c o e f f i c i e n t   m a t r i x   o f  {A} 
and {D}. Bo i  i s  t h e   s p e c i f i e d   i ’ t h  x- o r  y- 
component  of f l u x   d e n s i t y ,   a n d ,   f o r   e x a m p l e ,  
t h i s  c o r r e s p o n d s  t o  Eoyp i n  Fig.7. 
( 3 )  M a t r i x  e q u a t i o n  f o r  i n v e r s e  p r o b l e m  
The  unknown v e c t o r  p o t e n t i a l  {A} and  the  
mod i f i ed  va lue  {D} of magnets  can  be  d i rec t ly  
c a l c u l a t e d  by t h e  f o l l o w i n g  eq 
from (14) and (16). 
. . . . . . . 
. . . . . .  
I 
l ua t ion  ob ta ined  
(17) 
I f   t h e   c a l c u l a t e d   v a l u e  D i s  n e g a t i v e ,  t h e  
magnet  should  be  shortened. 
The case  o f  l i nea r  equa t ion  and  Only  one 
s p e c i f i e d  component of flux d e n s i t y  i s  d e a l t  
i n  Fig.7.  The  case of non- l inear   equa t ion  
and many spec i f ied  components  of f l u x  d e n s i t y  
can  a l so  be  ana lyzed .  
I n  t h i s  p a p e r ,  t h o u g h  o n l y  t h e  v a l u e  {D} 
is unknown, t h e   m a g n e t i z a t i o n  {MI of  magnets 
c a n   a l s o   b e  unknown v a r i a b l e s .  B u t ,  i n  t h e  
l a t t e r   , c a s e ,   t h   R a y l e i g h - R i t z   m a t r i x  
equa t ion  becomes  a non- l inea r   s imu l t aneous  
equa t ion .  The d e t a i l s  o f  t h i s  problem w i l l  
be  repor ted  i n  another  paper .  
5. SOME EXAMPLES OF  APPLICATION 
Ana lys i s  of Capac i to r  Motor 
A s  an  example  of t h e  a p p l i c a t i o n   o f  the 
“ f i n i t e  e l e m e n t  m e t h o d  t a k i n g  i n t o  a c c o u n t  o f  
e x t e r n a l  power s o u r c e ” ,  f l u x  d i s t r i b u t i o n s  o f  
a c a p a c i t o r   m o t o r   a r e   a n a l y z e d .   I n   t h i s  
c a s e ,   t h e r e  a re  two r e l a t i o n s h i p s   l i k e  ( 5 )  
b e t w e e n   t h e   v e c t o r   p o t e n t i a l s ,   t h e   c u r r e n t s  
a n d   t h e   t e r m i n a l   v o l t a g e s .  One i s  o b t a i n e d  
for  the  main  winding  and  the  o ther  i s  f o r  t h e  
aux i l i a ry  wind ing .  
F i g u r e  9 shows t h e  s t r u c t u r e   a n d
dimens ions   o f   an   ana lyzed   capac i tor  
M : M A I N  WIXDIIJG 
A : AUXILIARY W I N G I N G  
F ig .  9 Capaci tor   motor .  
motor. T h i s  motor   has   2-poles   and  the  ra ted 
vo l t age   and  t h e  i n p u t  a r e  l O O ( V )  and  170(w) 
r e s p e c t i v e l y .  The c o r e  is  made of 0.5nm 
t h i c k   n o n - o r i e n t e d   s i l i c o n  s teel  (Grade 
: AISI, M-43). The rocor is d i e - c a s t .  A 
c a p a c i t o r  whose c a p a c i t a n c e  i s  1 1 ( ~ F )  is 
c o n n e c t e d  t o  the a u x i l i a r y  w i n d i n g .  
F i g u r e  1 0  shows t h e  f l u x  d i s t r i b u t i o n  a t  
s l i p  S=0.05 ( c o r r e s p o n d i n g   t o   t h e   r a t e d  
l o a d ) .   F i g u r e  11 shows t h e   f l u x   d e n s i t y  
waveform a t  t h e  s t a t o r  teeth Q shown in 
Fig.9.   Points   denoted by o r e p r e s e n t  t h e  
c a l c u l a t e d  r e s u l t s  a n d  t h e  s o l i d  l i n e  d e n o t e s  
the measured one. 









F i g .  11 F l u x   d e n s i t y  waveform. 
Determinat ion of  Magnet  Shape 
F i g u r e  1 2  shows  a m a g n e t i c   c i r c u i t   w i t h  
two magnets. The magne t s   a r e   an i so t rop ic   and  
bo th   o f   t he   magne t i za t ions   a r e  1 .0  
(Wb/m2’) .  The e s t i m a t e d   l e n g t h s  Lo’s  a r e   b o t h  
0.2 ( m )  . The  L ngths LI and L2 of t h e  
magnets 1 and 2 which  produce  t e 





Fig .  1 2  Magnet  model. 
t h e   p o i n t s  1 and 2 o n   t h e   s u r f a c e s   o f   t h e  
m a g n e t s   a r e   c a l c u l a t e d   b y   s e t t i n g   t h e   s h a p e  
modifying  e lements  a t  t h e   e d g e s   o f   t h e
magnets shown by t h e  t h i c k  l i n e s  i n  F i g . 1 2 .  
When B o ~ J '  and Boy2 a r e  s p e c i f i e d   t o   b e  
0.5  and 0.46 ( T )  , t h e   c a l c u l a t e d   l e n g t h s  L1 
and L2 of  the  magnets  are  0.147  and  0.103(m) 
r e s p e c t i v e l y .   F i g u r e   1 3 ( a )  shows t h e  
(a)  approximate (b) e x a c t  
c a l c u l a t i o n   c a l c u l a t i o n  
F i g .  1 3   F l u x   d i s t r i b u t i o n s .  
o b t a i n e d   f l u x   d i s t r i b u t i o n   u s i n g   t h e  new 
method.  The t.rue f l u x   d i s t r i b u t i o n  for  t h e  
magne t s   t he   l eng ths   o f   wh ich   a r e   0 .147   and  
0.103(m) is  shown i n  Fig.13 ( b ) .  The f l u x  
d i s t r i b u t i o n   a r o u n d   t h e   s a p e   m o d i f y i n g  
e lement   in   F ig .13  ( a )  is  d i f f e r e n t   f r o m   t h a t  
a r o u n d   t h e   c o r r e s p o i n g  p a r t   i n  
F i g . 1 3 ( b ) .  However, b o t h   f l u x   d i s t r i b u t i o n s  
n e a r  t h e  s u r f a c e s )  t h e  f l u x  d e n s i t i e s  o n  which 
are  s p e c i f i e d ? a r e  a l m o s t  t h e  same . 
6.  Conclus ions  
The  development  of our  new methods  of 
a n a l y s i s   h a made i t  e a s y   t o   d e i g n  
p r a c t i c a l l y   t h e   m a g n e t i c   i r c u i t s   u s i n g   t h e  
f i n i t e  e l e m e n t  method. 
We have  a l r eady  app l i ed  these  me thods  t o  
t h e   a n a l y s i s   o f   t h e   c o m n u t a t i o n   o f  a 
un ive r sa l   mo to r  [6], the character is t ics  
of   synchronous   machines   under   load ,   and   the  
optimum d e s i g n  o f  t h e  m a g n e t i c  c i r c u i t  o f  t h e  
magnet r o l l  i n  a copying  machine  [7].  
The f i n i t e   l e m e n t   m e t h o d   t a k i n g   i n t o  
accoun t   o f   ex t e rna l  power sou rce   ne ds  
f u r t h e r   i n v e s t i g a t i o n   a b o u t  ( a )  e s t i m a t i o n   o f  
t h e   i m p e d a n c e   o u t s i d e   t h e   f i n i t e   e l e m e n t  
reg ion ,   (b)   improvement   o f   the   accuracy   of  
t h i s  method. 
The   fo l lowing   problems  should   be
i n v e s t i g a t e d  i n  o r d e r  t o  e s t a b l i s h  t h e  f i n i t e  
e lement  method with shape modif icat ion:  
( a )  n o n - l i n e a r   a n a l y s i s ,  ( b )  m o d i f i c a t i o n   o f  
the   wid th   o f   magnet ,  ( c )  d e t e r m i n a t i o n   o f   t h e  
magne t i za t ion  when t h e   s i z e   o f   m a g n e t  is 
unknown, (d )   accu racy   o f   t h i s   me thod .  
I t  i s  hoped t h a t   e   r a n g e  of 
a p p l i c a t i o n  i s  en la rged ,   and   t he  new method 
c l a s s  C problem will be developed. 
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